
not taken into account, but this is quite admissible  for pores  up to severa l  tens of microns  in diameter  be- 
cause of the substantial difference between the coefficients of thermal  activi ty of the gaseous and solid phases 
of the mater ia l  [8].  

The analysis has been limited to the special case of pore collapse in a plast ical ly deforming material .  
The resul ts  obtained give a qualitatively co r r ec t  descript ion of the functional trends of the tempera ture  d is t r i -  
bution over  the thickness of the layer.  The quantitative resul ts  correspond to the phenomenology of the process ,  
except for a spherical  layer  in the vicinity of the pore, where the effects of viscous flow play an important  
role.  
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CALCULATION OF AN INHOMOGENEOUS ELASTIC 

HALF SPACE AND A PLATE PLACED ON IT 

G. P .  K o v a l e n k o  UDC 539.8 

In many problems solved within the f ramework of the model of the l inear  theory of elast ici ty of isotropic 
media,  it is n e c e s s a r y  to take into account the variat ion of the proper t ies  of the medium as functions of the co- 
ordinates,  par t icu la r ly  the coordinate z, the depth of a half space. Such problems a r i se  in geophysics,  se i s -  
mology, and s t ruc tura l  mechanics .  Since the equations of motion of an elast ic medium are  interrelated,  an ef-  
fective analytic solution of boundary-value problems for any inhomogeneity is very  difficult to obtain. How- 
ever,  as is shown in [ 1], the Lam~ vector  equation of motion permi ts  separat ion into independent equations for 
an infinite set  of inhomogeneous media. Assuming weak inhomogeneity of these media does not de t rac t  in p rac -  
tice f rom the general i ty  of the resul ts  and, at the same time, permi t s  effective solution of boundary-value 
problems by approximate methods. Real media can be approximated with sufficient accuracy  of the resul ts  by 
media which belong to the above-mentioned set  [2].  In the presen t  study we obtain a solution for  a problem in 
the vibrations of an infinite c lass ica l  plate on an inhomogeneous half space when a vibrating load moves at 
constant velocity over  the plate. We consider  in more  detail special  cases  of the problem which are  obtained 
f rom the previous solution by a passage to the limit with respec t  to severa l  pa ramete r s .  When the medium be-  
comes homogeneous, the functional relat ionships found become the resul ts  known for homogeneous media. 

1. We consider  an isotropic elast ic half space in a Cartesian coordinate sys tem with the positive d i rec -  
tion of the axis OZ pointing downward. The equation of motion of the medium is taken in the form [1] 

Sumy. Translated f rom Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 1, pp. 132-140, January -  
February ,  1983. Original ar t ic le  submitted December  29, 1981. 
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a2 ) - -  ~ = 0  (n ----1, 2, 3)~ V ~ + H~ (z)" v~ (z) ot ~ ( 1.1 ) 

Hn ( z )=  - - y ( P a t  , -4- -~"p3)t ~ '~_{._.4~)(-  t)'~-x (P~g~(z)4-g~(z)(~ ~ ( z ) 7 - ' t ) ) ( n : l ' 2 ) '  

/ t 3  (z) = - -  ~ ~p~ • T p ' p~ = ~ ' t ~ - ' ,  p~ - -  x ' ~ - f l  p~ - -  p p - ,  

~.  (z) = ( .  t ) ,  (2p~ - p~v~(2-")(z)) (v ~ (~) - i,)-~, 

v~ (z) = ~t~ 7 "~(2--)(z) . (n = t ,  .2)' 

v'(z) = (z. + 2~,)(~)-~, 

where X, #, P are the Lame parameters and the density of the medium, respectively; a prime indicates differ- 
entiation with respect to z; V 2 is the Laplace operator; the Vn(Z ) are the velocities of the elastic deformation 
waves. The vector displacement U = 121 + 122 + 123 is related to the potentials ~n by the equations 

where V is the Hamilton operator; t z is the unit vector; the fn are weighting funetions whose logari thmie de- 
r ivat ives are denoted above by gn(z).  In order to be able to represent the equations of motion of the medium 
in the f o r m  (1 .1) ,  i t  i s  su f f i c i en t  to r e q u i r e  tha t  i t s  p a r a m e t e r s  X, ~,  p s a t i s f y  the s y s t e m  of  two n o n l i n e a r  d i f -  
f e r e n t i a l  equa t ions  

(~g~)' - -  ~g~ = ( (X  + 2~t) g~) ' - -  ( ~ +  2~)g~ = Ep, (1.2) 

w h e r e  E i s  a cons tan t .  In the i n t e g r a t i o n  of (1.2) one funet ion  should  be  r e g a r d e d  a s  known, and fo r  the  o t h e r  
two we s p e c i f y  the funct ion v a l u e s  and d e r i v a t i v e  v a l u e s  on the s u r f a c e  of the  ha l f  s p a c e ,  z = 0. We d e t e r m i n e  
the f if th c o n s t a n t  f r o m  an add i t i ona l  condi t ion .  If we take  th is  to be  equal  to z e r o  and t ake  f o r  the f u n d a m e n t a l  
p a r a m e t e r s  of  the m e d i u m  the P o i s s o n  c o e f f i c i e n t  v, the s h e a r  modu lus  U, and the s q u a r e  of the  v e l o c i t y  of  
the s h e a r  waves  w, then the s y s t e m  (1.2) can  be  i n t e g r a t e d  e o m p l e t e l y ,  a s  a r e s u l t  of  which  we ob ta in  [2] 

~ (z) = ~ (o).(1 + A~)-~ exp B 0 -r (~ - -  Ji(z))) -~ dz , ( 1 . 3 )  

z 

S t  - -  2v (z) 
w ( z ) = w ( O ) ( l - t - A z ( l + B ( z - - J ( z ) ) ) , J ( z ) =  --t--~(z) dz, 

0 
\ 

B = (a + b ) ( l  v(0)), A = B - -  b, a ~- w'(0)W-l(0), b : ~'(0)~-1(0). 

The func t ions  ~ ,  w wi l l  be  bounded and p o s i t i v e  i f  a ,  b s a t i s f y  the cond i t i ons  a + b >_ 0, b -< a (1 - v(0))v- l (0) .  
In the c a s e  of a c o n s t a n t  P o i s s o n  coe f f i c i en t ,  the s y s t e m  of  equa t ions  (1.2) r e d u c e s  to a s i ng l e  s e c o n d - o r d e r  
n o n l i n e a r  equa t ion  which depends  on two a r b i t r a r y  c o n s t a n t s .  The p a r t i c u l a r  s o l u t i o n s  of  th is  equa t ion  a r e  not  
c o v e r e d  by  the func t ions  in (1 .3) .  E x a m p l e s  of t h e s e  so lu t i ons  a r e  g iven  in T a b l e  1. 

Since  v v a r i e s  f r o m  z e r o  to 0.5, i t  can  be  r e g a r d e d  wi thout  l o s s  of  g e n e r a l i t y  a s  a s l o w l y  v a r y i n g  func -  
t ion.  The o t h e r  p a r a m e t e r s  of the  m e d i u m  wi l l  a l s o  be  s lowly  v a r y i n g  func t ions  i f  a and b,  de f ined  in (1 .3) ,  
a r e  c o n s i d e r e d  to be  s m a l l  q u a n t i t i e s .  In tha t  c a s e  the func t ions  Hn (z ) ,  de f ined  in (1 .1) ,  wi l l  be p r o p o r t i o n a l  
to the s q u a r e s  of  s m a l l  p a r a m e t e r s ,  and s i n c e  the Hn (z) a r e  e x p r e s s e d  in t e r m s  of  the l o g a r i t h m i c  d e r i v a -  
t ives  of  the  func t ions  t*, O, they  wil l  d e c r e a s e  with i n c r e a s i n g  z, t ending  to a cons t an t ,  in p a r t i c u l a r  to z e r o .  

B e c a u s e  of th i s ,  we s h a l l  d i s r e g a r d  the Hn(Z ) t e r m s .  

Suppose  tha t  on a ha l f  s p a c e  with  the p r o p e r t i e s  d e s c r i b e d  above  t h e r e  i s  p l a c e d  a p l a t e  whose  d e f l e c t i o n  

W is  d e s c r i b e d  by  the  equa t ion  

D A A W  + plh'O2W/Ot 2 = q -  p ,  

w h e r e  h, o I a r e  the  t h i c k n e s s  and d e n s i t y  of the p la te ;  D, c y l i n d r i c a l  r i g i d i t y ;  q, i n t e n s i t y  of  the e x t e r n a l  load;  
p ,  r e a c t i o n  of  the ha l f  s p a c e .  Suppose  tha t  the p l a t e  i s  a c t e d  upon by  a v i b r a t i n g  l oad  qe  iwt  a p p l i e d  to a body  of  
m a s s  occupy ing  a r e c t a n g u l a r  r e g i o n  with s i d e s  Ix, and mov ing  at  v e l o c i t y  c in the  p o s i t i v e  d i r e c t i o n  of the  
a x i s  OX. A t  the c o n t a c t  b o u n d a r y  be tween  the p l a t e  and the ha l f  s p a c e  i t  i s  a s s u m e s  tha t  t h e r e  a r e  no t a n g e n -  
t i a l  s t r e s s e s  and that  the cond i t ions  

W(x,  g, t) = uz(x, g, O, t), p(xl g, t) = oz(z, y, O, t)} (1.4) 
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TABLE 1 

2 

v~0 

ha~ ~l ~-az 

V [ v~0,25 I V~0,25 

hn(z) h i : ' +  a4--~z~ " h 2 : l +  ~.~-.~ 

(o) 

(o) 

h(t--v)lv 

h(t - -2~)/v  

a r e  sa t i s f ied ,  where  u z, a z  a r e  the n o r m a l  d i s p l a c e m e n t  and s t r e s s ,  r e spec t ive ly .  It is r equ i red  to find the 
def lec t ion  of the p la te  and the s t r e s s e d  s ta te  of  the half  space .  The p r o b l e m  is solved in a moving  s y s t e m  of 
coo rd ina t e s  ~ = x - ct, y = y. A f t e r  applying a F o u r i e r  t r a n s f o r m  to the equat ions  (1.1} with r e s p e c t  to ~ and 
y, we obtain o r d i n a r y  d i f fe ren t ia l  equat ions  with s lowly va ry ing  coeff ic ients .  If the v 2 (z) i n c r e a s e  at  infinity 
m o r e  s lowly than a s e c o n d - d e g r e e  po lynomia l ,  then the solut ions  of  these  equat ions  can be r e p r e s e n t e d  by an 
abso lu te ly  c o n v e r g e n t  s e r i e s  at  any finite point  of  the s e m i a x i s  z ~ 0. If, on the o ther  hand, the r a t e  of g rowth  
of the v~(z)  is quadra t i c  o r  h igher ,  then the solut ion is r e p r e s e n t e d  by an a sympto t i c  s e r i e s  [3] .  In e i the r  
ca se  we shal l  use  the f i r s t  t e r m s  of these  s e r i e s ,  or ,  in o the r  words ,  the WKB solut ion [4] .  Taking accoun t  of  
this ,  we can r e p r e s e n t  the so lu t ion  of  the s y s t e m  (1.1) in the f o r m  

oo  

~ (~, g, z, t) = e ~+~ I t" Gn (~, ~) L~. (z) e~(=~+~u)d~d~, ! (1.5) 

L~ (~) = n~/~ (~, ~, 0) n;  ~/~ (~, if, ~) exp . n~ (~, ~, ~)ez , 

n~ (~; I~, ~) (~s + ~ _  ~ (~) (+ _ ~c)91/~ (,~ = ~, ~), 

where  c~, fl a r e  the p a r a m e t e r s  of the F o u r i e r  t r a n s f o r m ;  the G n a r e  found f r o m  the boundary  condit ions;  co is 
the f r equeney  of  the v ib ra t ions ,  It  should be noted that  when a = b = 0 and v is  cons tant ,  the equat ions  (1.11 
b e c o m e  the equat ions  of  mot ion  of a homogeneous  med ium and the equat ions  (1.5) b e c o m e  the i r  exac t  solut ions .  
The def lec t ion  of  the plate  can a l so  be r e p r e s e n t e d  as a double F o u r i e r  in tegra l :  

W (~, y, t) = e i+t J"~,  (~, D) ei(~+~s)dadD. (1.6) 
�9 --co 

Sat isfying the boundary  condi t ions  (1.4) and taking accoun t  of  the absence  of  tangent ia l  s t r e s s e s ,  we find 

' q ((z, ~) (1 + raJV) ( 1 . 7 )  ~p (~z, 1~) : r ~ D ~ ( ~ ,  [~) ' 

�9 G;~ = * (~' ~) ,~,'~-~ ~-n ~ (0~, ~) V21 (G~, ~) 'q922 (G~,, 1~) ( n  = 1 ,2) ,  Gs  = 0 ,  (1.8) 

where  
�9 ~ (0) y (~, ~) .  D ( ~ , ~ ) =  ( ~ +  ~ s ) ~ - ~ ( ( 0 - c ~ ) ~ +  ~ , 

g = [ ( t  + ~ S m I ) - l ;  t = --~ q (~, ~ Q-~ (a, [3) d ~ d ~ ;  

(~, ~)= k~n~ (~, ~) + ((~ + ~) g~ :-.n~ (~, ~) n~(~, ~) g~)~- 

�9 k s - ( ~ + ~ - 0 . 5  ~)(g~ g s ) ; F ( a , ~ ) - = , ~ l ( ~ , ~ ) , ~ s ( ~ , ~ ) ' - - , ~ ( ~ , ~ ) , ~ ( ~ , ~ ) ; k , = ~ , / ~ ( 0 ) ;  

~.n  (a, ~) = 2 (a s + ~ )  k~ 2(2-~) , . + ~,. g,~],~ (c,, ~); 

,h~.(~z~ 1~) = _ ( ~ s  + 13s)(2nd~, [3) + vsgs + g~ - g~);. 
,~(~,  ~) = - ( 2 ~ ( ~ z ,  ~) + gs); v = ~,(o); 

gi --~ gl(O) = 2[b'v(O) a ( i  . v(O))]; gs : gs(O) = (1 --  2v(O))(a -t-b). 

We denote  by q (~ ,  fi) the F o u r i e r  t r a n s f o r m  of the p r e s s u r e  in tens i ty  q (~, y ) .  If the p r e s s u r e  is u n i f o r m l y  
d i s t r ibu ted  in the r ec t ang le ,  then 
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g(~, fi) = 4 sin (a/J2) sift ([~12/2)(r 

The exp re s s ion  (1.7) is obtained with due r e g a r d  fo r  the fo rce  of  iner t ia  of  the v ibra t ing  body but d i s r e g a r d i n g  
the fo rce  of g rav i ty  on it. In the e x p r e s s i o n s  Onm(~,  fi) we have d i s r e g a r d e d  t e r m s  of  second o r d e r  in the 
p a r a m e t e r s  a and b. Once we have ~ ( ~ , / 3 ) ,  we find f r o m  (1.6) the def lec t ion  of  the plate  and f r o m  (1.5) the 
potent ia ls  'IJn, with the aid of which we can find the d i sp l acemen t s  and s t r e s s e s  in the half  space.  Thus,  fo r  the 
d i sp l acemen t s  we obtain 

• [@=, Ca, fi) L, ( z ) "  %~ (cz, [3)(,h (a, ~, z) -ks (z)) L= (zj] * ((z. ~) .~<r 

u= (~, y, z, t) = 1 / 7 ~ -  .~.~ r - ~ 7 ~ -  __ [~P='(~' g) (~l* (~ g' z) --  s(z) ) Ll  (z) --  ~P=x (a' g) Ls(Z) l ~r (~' D 
- - o o  

t 

2. We cons ide r  some  spec ia l  c a s e s  of  the exp re s s ions  obtained above.  Suppose that  the re  is applied to 
the half  space  a v ibra t ing  load d i s t r ibu ted  in the s t r ip  I x [ < l with in tens i ty  q = q (x). The d i s p l a c e m e n t s  in 
the half  space  a r e  obtained f r o m  (1.9) by taking D = m = e = fi = h = 0 and leaving one in tegra l  with r e s p e c t  
t o  c~: 

i �9 ~ ( ~ , ~ , t }  = 1 / p ( ~  r  ( ~ ) ~ - ~ g ~ ( ~ , ~ )  ~(?! ~ ,  ( 2 .1 )  
~ 7 7 g  F (~ , 

K~ (ct, z) = (-- t)n~pss (a) O~n - n  (Z) L 1 (z) "4 - ( .  i)3-~a~(s-'/)~ps, (o~) O~-X (z) 5 s (z), 

q,~ (z) = '1,~ (a, z) + ( -  l)'~e (z), u~ = u~, us - u~; 

F (a) -= F o (a) --  k] (Tsg2Yh (a) -}- gl~h (a)) - - 2 e  (0) a s (~h ( a )  (2.2) 

- -  n2 (a)) - -  a s (y=g, - -  ( ~ " .  i) e (0)) gs + ~n~(a) n~ (a~ g~g'a, 

F 0 (c~) = (2c~ s - -  k s~=,~ --  4o:~n, (c~) n= (ca),. nn (~) = n= (a, 0). 

In the above f o r m u l a s ,  s i m i l a r  quant i t ies  have been  given the symbo l s  p r e v i o u s l y  used.  F o r  example ,  q (~) is 
the F o u r i e r  t r a n s f o r m  of the in tens i ty  q(x) ,  and ~bnm(a), r~n(a, z ) ,  Ln(z )  can be found f r o m  (1.5) if the indi-  
cated p a r a m e t e r s  a r e  taken equal to ze ro  in those equat ions.  The Rayle igh  function F Ca ) cons i s t s  of the c o r -  
}esponding function of  a homogeneous  med ium,  F 0 (oe), and the t e r m s  resu l t ing  f r o m  the inhomogene i ty  of  the 
medium with r e s p e c t  to z. If  the condit ion 4/*' ( z ) p  ( z ) ( 1 -  2v(z))  = / z ( z ) p '  ( z ) ( 3 -  4~ (z)) is sa t i s f ied ,  then 
e (0) = 0 and (2.2) is s impl i f ied .  In pa r t i cu l a r ,  this is t rue  fo r  the med ium d e s c r i b e d  in the f i r s t  co lumn of  
Table  1 (medium 1), and its Rayle igh  equat ion is d i s c u s s e d  in [5, 6].  The roo t  of  the Rayle igh  equat ion 
F (ce) = 0, which e n s u r e s  the ex is tence  of the su r f ace  waves ,  can be found by the method of s u c c e s s i v e  a p p r o x -  
imat ions  if we take the roo t  of  the equat ion F0(~ ) = 0 as  the z e r o t h  approx imat ion .  It is convenient  to wri te  
a = k2g and divide the equat ion F ice) = 0 by the c o m m o n  f a c t o r  k~. Then  the roo t  of  the resu l t ing  equation,  
gR, which e n s u r e s  the ex i s tence  of  the su r f a c e  waves ,  will be a s ing le -va lued  and cont inuous funct ion of the 
d imens ion l e s s  p a r a m e t e r s  ak~ ~ and bk~ ~ in a ne ighborhood of the Rayle igh  roo t  of the equat ion F 0 Ca) = 0. 
This is a consequence  of  the t h e o r e m  on the ex i s tence  of an expl ic i t  funct ion [7] ,  and the fac t  that  this is s a t i s -  
fied is e a s y  to ver i fy .  Thus ,  for  med ium 1, when ~ = 0.25 and ak~ ~ = 0.2 we have gR = 1.0365217. The c o r r e -  
sponding value of  the roo t  fo r  a homogeneous  m e d i u m  is 1.08885. Since the r ig id i ty  of the m e d i u m  will in-  
c r e a s e  as  a i n c r e a s e s ,  we should expect  an i n c r e a s e  in the ve loc i ty  of  the Rayle igh  wave,  v R, and this  is in- 
deed the case ,  s ince  VlR = v2 (0)g~. We should a l so  point  out ano the r  effect  r e su l t ing  f r o m  the inhomogene i ty  
of  the medium.  The r ea l  roo t s  of the equat ion (2.2),  one of  which c o r r e s p o n d s  to the su r f ace  waves ,  ex i s t  fo r  

<_ 1, Taking ~ = 1, we obtain f r o m  (2.2) a value of the f r equency  o0 below which the re  is no exci ta t ion  of 
Rayle igh  waves  in the med ium without abso rp t ion  of  ene rgy :  

, 1 7 ~ - I  ~s~ (o~v , (0 )  [ (  " r - A  ~ { ( ' fg=q-2e(0))q--~- ' (--~ '~---( t '  gsq- 2s(0))=-{- 4(Tsg~-- (7~-- ')s(0))g,)--~ ] �9 (2.3) �9 V , ,~  s } 

�9 In pa r t i cu l a r ,  fo r  med ium 1 we have gl = g2 = 2a (1 - 2 v ) ,  e(0)  = 0, and (2.3) c o i n c i d e s w i t h  the r e s u l t  ob-  
tained in [5] fo r  v = 0.25. 

The ca lcula t ion  of  in tegra l s  of the type (2.1) by contour  in tegra t ion  in the complex  ca plane has been  d i s -  
cussed  in deta i l  in [8 ]. Here  we shal l  only point  out that  F (c~) has a d i f fe ren t  f o r m s  depending on the in te rva l  
in which (~ is s i tuated.  In pa r t i cu l a r ,  in the in t e rva l s  (0, kl) ,  (k 1, k2) we have 
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F,~(a) = Am(c0 -~ iBm(a); 

for  m = 1 kl) ,  = i Vk - k .  = ( 0 ) ;  

for m = 2  (kl ,  = - = l / J -  

w h e r e  i is  the  i m a g i n a r y  unit;  A m, Bm a r e ,  r e s p e c t i v e l y ,  the r e a l  and i m a g i n a r y  p a r t s  of F ( a )  in the i n t e r -  
va l s  men t i oned ,  which  a r e  found f r o m  (2 .2) .  

In work ing  out  m e t h o d s  fo r  i n su l a t i ng  m a c h i n e r y  f r o m  v i b r a t i o n s  in s o m e  g e o p h y s i c a l  e x p e r i m e n t s  and 
o t h e r  c a s e s ,  i t  is  i m p o r t a n t  to know the e n e r g y  c h a r a c t e r i s t i c s  of the e l a s t i c  ha l f  s p a c e ;  the to ta l  p o w e r  of the 
e l a s t i c  waves  c a u s e d  by  the s u r f a c e  v i b r a t i o n  s o u r c e ,  the p o w e r  expended  on the e x c i t a t i o n  of  the long i tud ina l ,  
t r a n s v e r s e ,  and R a y l e i g h  waves ,  t aken  i nd iv idua l l y ,  and the d i r e c t i o n a l  d i a g r a m  of the  e n e r g y  r a d i a t e d .  We 
sha l l  now d e r i v e  t h e  func t ions  which con ta in  the  i n f o r m a t i o n  c o n c e r n i n g  the a b o v e - m e n t i o n e d  q u e s t i o n s ,  and 
we g e n e r a l i z e  the ana logous  r e s u l t s  ob ta ined  fo r  h o m o g e n e o u s  m e d i a  [8] .  The  quan t i t y  N, the a v e r a g e  va lue  
t aken  o v e r  the p e r i o d  f o r  the p o w e r  t r a n s m i t t e d  to the ha l f  s p a c e  in the c a s e  of  load ing  with a n o r m a l  h a r m o n i c  
f o r c e  having  a m p l i t u d e  2~(0)q  (x) in the  i n t e r v a l  i x ]  < l ,  can  be  ca lc t t I a t ed  f r o m  the f o r m u l a  

I 

N = - -  ~ (0) (0 ~ q (x) Xm u~ (x~ 0) dx~. 
- - l  

w h e r e  the s y m b o l  Im i n d i c a t e s  t ak ing  the i m a g i n a r y  p a r t  of the n o r m a l  d i s p l a c e m e n t  u z. The l a t t e r  is  found 
f r o m  (2 .1) ,  w h e r e  we m u s t  s e t  n = 1, z = 0. F o r  K t ( ~ ,  0) we ob ta in  

g l  (a 0) s k ~  (a) ~-  (a~g2 - -  ~h (a) .-q~ (a) g 0  - -  ( 2a~ - -  k~) ~ (0),~ ( 2 . 4 )  

K t ( a ,  0) a l s o  changes  i ts  f o r m ,  depend ing  on the i n t e r v a l  of  i n t e g r a t i o n .  F o r  a ~ (0, kt)  and o~ ~ (k 1, k2) the  
r a d i c a l s  q n (o~) can  be  w r i t t e n  a n a l o g o u s l y  to the p r e c e d i n g  c a s e .  T h e r e f o r e  in the above  men t ioned  i n t e r v a l s  
we have  

Kim(r O ) =  era(a) + iDra(a), 

w h e r e  C m and D m a r e  the r e a l  and i m a g i n a r y  p a r t s  of K 1 (~, O) in the r e s p e c t i v e  i n t e r v a l s ,  which a r e  found 
f r o m  (2 .4) .  Tak ing  accoun t  of the fo rego ing ,  we r e p r e s e n t  the d e s i r e d  p o w e r  N in the f o r m  

�9 C 1 (a) A 1 (c 0 -[- D 1 (a) B 1 (a) ( 2 . 5 )  
N =  i--6-~-(4~(0)/) ~ - - 2 n  q~(a) OF(a) / + 2  q2@):  ~ ( - ~  , d ~  

aa , .  Ju------~ R , 

B~ (~) + D  ~ (~) A 2 (o:) dot + 2 y q2 ((z) c~ (~) a~ (~) + B~ (r 

kl 

w h e r e  ~ R  is  the  r o o t  of the R a y l e i g h  equa t ion  (2 .2) .  In the l i m i t i n g  c a s e ,  when q (x) = q0, 4~ (0)q0l ~ P,  
l ~ 0, f o r m u l a  (2.5) y i e l d s  the a v e r a g e  p o w e r  with which the c o n c e n t r a t e d  f o r c e  Pe  iwt n o r m a l  to the s u r f a c e  
does  w o r k  to exc i t e  waves  in the ha l f  s p a c e ,  and i t  g e n e r a l i z e s  the  w e l l - k n o w n  r e s u l t  ob ta ined  by  L a m b  [9] .  
As  can  be  s e e n  f r o m  ( 2 . 5 ) ,  the  p o w e r  expended  on the e x c i t a t i o n  of  the s u r f a c e  waves  i s  d i s t i n g u i s h e d  f r o m  
the p o w e r  N 1 expended  on the e x c i t a t i o n  of  the long i tud ina l  and t r a n s v e r s e  waves .  In s o m e  c a s e s  the  p o w e r  N 1 
m u s t  a l so  be  s e p a r a t e d  into c o m p o n e n t s ,  and th is  cannot  be  done by  the above  method .  We c a l c u l a t e  N 1 in 
a n o t h e r  way - a s  the p o w e r  flux p a s s i n g  th rough  a c y l i n d r i c a l  s u r f a c e  of l a r g e  r a d i u s .  The  a v e r a g e  va lue  o v e r  
the  p e r i o d ,  N1, fo r  the  p o w e r  p a s s i n g  th rough  a s e m i e y l i n d r i c a l  s u r f a c e  of a r b i t r a r y  r a d i u s  R i s  d e t e r m i n e d  
f r o m  the f o r m u l a  

Ji 

2 

0 

w h e r e  aR ,  aR0,  uR, u0 a r e  the s t r e s s e s  and d i s p l a c e m e n t s ,  w r i t t e n  in s p h e r i c a l  c o o r d i n a t e s ,  and the b a r  above  
a l e t t e r  i n d i c a t e s  p a s s a g e  to c o m p l e x - c o n j u g a t e  q u a n t i t i e s .  F o r  l a r g e  R we can  use  an  a s y m p t o t i c  r e p r e s e n t a -  
t ion fo r  the  d i s p l a c e m e n t s  and s t r e s s e s .  Ca l cu l a t i ng  the i n t e g r a l s  (2.1) by  the s t a t i o n a r y - p h a s e  me thod  [10] ,  
by  the f o r m u l a s  

u R = u z c o s O  + u xs inO,  u o = tt x c o s O -  u z s i n O  

we p a s s  to  the d i s p l a c e m e n t s  in s p h e r i c a l  c o o r d i n a t e s ,  and the a s y m p t o t i c  b e h a v i o r  of the s t r e s s e s  is  found in 
a c c o r d a n c e  with the f o r m u l a s  
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O. = i~(z)k~ua +O(R-3/~), a~o = ~(z)k~uo + O(R-~/~), 

w h e r e  the s y m b o l  O deno te s  the o r d e r  of  s m a l l n e s s  of the t e r m s  tha t  fol low,  which we sha l l  d i s r e g a r d  h e r e -  
a f t e r .  F o r  an  e s t i m a t e  of  the i n t e g r a l s  (2 .1) ,  we m u s t  find a s t a t i o n a r y  po in t  of  the p h a s e  funct ion 

S ~l~ @, z) dz - -  lax, ( 2.6 ) 
i 

o 

which i s  d i f f i cu l t  to do,  owing to the p r e s e n c e  of the i n t e g r a l .  Tak ing  the p a r a m e t e r s  a and b to be  s m a l l ,  we 
e s t i m a t e  the i n d i c a t e d  i n t e g r a l  by  the f r e e z i n g  me thod ,  f ix ing the v a r i a b l e  z a t  the  l e v e l  of  the u p p e r  l i m i t  of 
i n t e g r a t i o n .  I t  is  r e a d i l y  s e e n  tha t  fo r  an a r b i t r a r i l y  s m a l l  n u m b e r  el  we can  find v a l u e s  of the  p a r a m e t e r s  a 
and b such  tha t  the i n e q u a l i t y  

wi l l  be s a t i s f i e d  on the e n t i r e  ha l f  ax i s  z _> 0, C a r r y i n g  out  the a p p r o x i m a t e  i n t e g r a t i o n  in (2.6) and changing  
to the v a r i a b l e s  R = ~xSx2 + z 2, 0 = a r c t g  ( x / z ) ,  we obta in  the v a l u e s  fo r  the  s t a t i o n a r y  po in t s  a0n: 

a o ~ ' =  k2~,~ ~ = r~u ~-~ (n = l ,  2),; 

rn = qgn sin0, q~, = Vn (0) Vn x (R cOS 0), 

w h e r e  the v n a r e  the v e l o c i t i e s  of  the  long i tud ina l  and t r a n s v e r s e  waves .  A f t e r  p e r f o r m i n g  the above  o p e r a -  
t ions ,  we ob ta in  the  a s y m p t o t i c  r e p r e s e n t a t i o n s  for  the d i s p l a c e m e n t s  in s p h e r i c a l  c o o r d i n a t e s :  

, ( ~ ) j _ r ) l s ( R e o s O ) , ~ O (  i ) 
u . . . .  ~ - (  V R  1 "  R - - ~ '  ( 2 . 7 )  

- -  V~'R '~  ~ kr (k2r2)/[r ksin 201 "4 

where  fo r  n = 1 we t ake  the u p p e r  funct ion  in the  p a r e n t h e s e s ,  and fo r  n = 2 the  l ower ;  the s y m b o l  O (e/~--ff) 
deno te s  t e r m s  which a r e  p r o p o r t i o n a l  to e (R cos  0) and d e c r e a s e  a s  1/~/ 'R but  c ons t i t u t e  an  a l t e r n a t i v e  wave 
in c o m p a r i s o n  with the f i r s t  t e r m .  Consequen t ly ,  in the c a s e  of  an  i nhomoge ne ous  m e d i u m  the r a d i a l  d i s p l a c e -  
m e n t  is  f o r m e d  not  on ly  by  the l ong i tud ina l  wave bu t  a l s o  by  the t r a n s v e r s e  wave ,  and th is  i s  a l so  t r ue  of the 
f o r m a t i o n  of the c i r c u l a r  d i s p l a c e m e n t .  If e (R cos  0) is  of the o r d e r  of l / R ,  then  the s econd  t e r m s ,  l i ke  the 
s u b s e q u e n t  ones ,  m a y  be  d i s r e g a r d e d .  In th is  c a s e  the p o w e r  N~ can  be  subd iv ide d  into i t s  c o m p o n e n t s .  We 
sh~l l  a s s u m e  tha t  th is  i s  the  c a s e  we a r e  d e a l i n g  with,  and f r o m  th i s  po in t  on we s h a l l  c o n s i d e r  only  the f i r s t  
t e r m s  in (2 .7) .  We find s p e c i f i c  e x p r e s s i o n s  fo r  the func t ions  F (knrn)  on the a s s u m p t i o n  tha t  the qn  d e c r e a s e  
wi th  i n c r e a s i n g  R: 

F (kxrx) = k I (A 3 -q-iBz), 
- - 2  2 A 3 =. (2r~ - ~79 ~ q- 4r~eae z - -  k~ [rl  (.?2g, - -  (~  1) e (0) g2 q- ~' - -  ~ ete~glg~, B3= 

= k ; !  tr ~ ( r ~ g ~  + gle2) + 2s  (0) (e, - -  e~)i, r  = ( i  - -  r~) ~/~, e~ = (r~ - -  r~)i/~ 
�9 . " 

As the ang le  0 v a r i e s  f r o m  z e r o  to ~/2,  the r a d i c a l s  e n r e m a i n  real, and t h e r e f o r e  the f o r m  of  the r e a l  and 
i m a g i n a r y  p a r t s  is  r e t a i n e d ;  the  funct ion F (k2r2) b e h a v e s  d i f f e r e n t l y :  

F~ (kc~) = k~:(Aa+n -[-iBs+") (n = i ,  2), 

0 ~.~ 0 ~-~ 0o = ares in (tl~tp2)(n = i ) ,  0 0 ~ 0 ~-~ :x/2(n = 2). 

Here  A~, B4 a r e  ob ta ined  f r o m  A3, Bs ,  if  in the  l a t t e r  we r e p l a c e  r l  with r 2, e l  wi th  (1 - r~) 1/2 and e 2 with 
( ? -  2 _ r 2) !/21 If  in  the funct ion  F1 (k~r 2) j u s t  ob ta ined  we r e p l a c e  i (?-2 _ ~ )1/2 wi th  ( r  2 - 3, ~ )  1/2, i t s  r e a l  p a r t  
wi l l  y i e l d  Ag and the c o e f f i c i e n t  of  i t s  i m a g i n a r y  p a r t  wi l l  y i e l d  B~. Us ing  the no t a t i on  i n t r o d u c e d  e a r l i e r ,  we 
ob ta in  

N1 = Np -}- N~, 

2 2 �9 

N - se(klriz)J (0) 0, 
0 - 

(2.8) 
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�9 l; i 0} N , =  ~ ( 4 ~ ( O )  t) ~ q~(k~r21)Jl,(O)dO--~ q~(k~r~l)J~(O)d ,~ (2.9) 
0 0 

( ( 82(RC~ "2 -2" 1 "-' 

q 8 ~(Rcos0) ~. ~ -1 
J 2 ~ ( 0 ) = ( V ~ - - ' f - ~  g ' l ~ (  r  \ -~2~" ) (A Sq -B S)  " 

We note  two e f f ec t s  p r o d u c e d  by  the i n h o m o g e n e i t y  of  the m e d i u m ,  a s s u m i n g  fo r  the  s a k e  of  d e f i n i t e n e s s  tha t  
q (x)  = q0" Then q (c~) = 2q 0 s in  ((~/)a -1. F r o m  the equa t ion  s in  ( a R l )  = 0 we f ind the v a l u e s  I n  such  that  the 
R a y l e i g h  wave  i s  not  e x c i t e d :  I n  = n~(k2~R) -1 (n = 1, 2, 3 . . . ) .  S ince  ~R d e p e n d s  on the a b o v e - m e n t i o n e d  in -  
h o m o g e n e i t y  p a r a m e t e r s  of  the  m e d i u m ,  ak~ 1, bk~ 1, fo r  the  s a m e  f r e q u e n c y  ~o t h e r e  wi l l  be  d i f f e r e n t  v a l u e s  of  
I n  fo r  h o m o g e n e o u s  and i nhomogeneous  m e d i a .  Thus ,  i f  we take  m e d i u m  1 and use  the  R a y l e i g h  r o o t s  m e n -  
t ioned above ,  the v a l u e s  of In wi l l  d i f f e r  by  5%. 

F r o m  the equa t ion  s in  (l kn rn )  = 0 we find the d i r e c t i o n  a long  which the l ong i tud ina l  o r  t r a n s v e r s e  wave 
i s  not  p r o p a g a t e d .  L e t  A n  deno te  the  ang le  of  r o t a t i o n  of th i s  d i r e c t i o n ,  r e s u l t i n g  f r o m  the [nhomogene i ty  of  
the  m e d i u m .  Then  

�9 { knz-~ )_L " [ k~l-~ "~ 1 ,2 ,3  t ; 2 , 0 # 0 .  A n = arcsln ! , : arcsln ~ k n ~ a  0), k . . . . . .  n = \ ,%%~ sm 0 - 

F o r m u l a s  (2 .5) ,  (2 .8) ,  and (2.9) g e n e r a l i z e  the c o r r e s p o n d i n g  r e s u l t s  f o r  h o m o g e n e o u s  m e d i a  and tend to those  
r e s u l t s  a s  a and b tend to z e r o .  

3. We c o n s i d e r  a s econd  s p e c i a l  c a s e  of  load ing ;  in o r d e r  to avo id  undue c o m p l i c a t i o n s ,  we s h a l l  conf ine  
o u r  a t t en t i on  to m e d i u m  1. Suppose  tha t  to the s u r f a c e  of the  ha l f  s p a c e  t h e r e  is  a p p l i e d  a n o r m a l  p r e s s u r e  of 
c o n s t a n t  i n t e n s i t y  a long a l i ne  p a r a l l e l  to the  ax i s  OX, mov ing  with v e l o c i t y  e. The  d i s p l a c e m e n t s  in the ha l f  
s p a c e  can  be ob ta ined  f r o m  (1.9) by  t ak ing  the c o r r e s p o n d i n g  p a r a m e t e r s  equa l  to z e r o  and l e a v i n g  one i n t e -  
g r a l  with r e s p e c t  to ~ .  C a l c u l a t i n g  th is  on the  a s s u m p t i o n  tha t  c < v2(0) ,  1 -  c2vn~(z) > 0, we ob ta in  

�9 l f 9  (o)-- ~ "~nkd imn ~ _t E~ u.(~, z, t) = ~ Iv, n~ -'~ ( - -  t)" m n c z , - l - a l S : - ' ~ ) L M . a k -  0 ,5e-Z"sxn( ' ) . / (F (0 ,  a d [ : r n ) - l - P ( 0 ,  a.sx~n))•  
[ [ 

[ ~cos (as~) ~ [ sin (a,~) 

z 

0 
Mnx In ( ~  ~ "z "~/z 2 arctg ~" (z) = - -  7,,'~ t, )). , M = ~ . = n ' - -  . :~ , 

k ~ - 35 o,,, = ~ [~ (-~, + ,~,) ~ ~, ~ ~'v ,1  + ~)~ + ~Fo (~) (~ - a & ) )  '/~] ,, 

ro( ) ' -  @%,, (,,) - 
k 

d,~l = at -"  (=) a',,"'~ (0) ~='/'~ (z), 4,,, = aV:" (,) a~,,2 (0) a;:l,,~ (z),: 
m~ = 2 - -  k~, rn~. = 25~ (0), ko = cvT~ ~ (0), 

a~ -~ 2a(t - -  2v(0)), 5~ = 6~(0), u~ : uz, u ( =  u . . . .  

w h e r e  F (0, ~)  i s  the  i n c o m p l e t e  g a m m a  funct ion .  F o r  n = 1 we m u s t  t ake  the u p p e r  t r i g o n o m e t r i c  funct ion ,  
and fo r  n = 2 the  l o w e r .  The  t e r m  Mnkmn in the c a s e  of  a h o m o g e n e o u s  m e d i u m  y i e l d s  the w e l l - k n o w n  r e s u l t  
of [ 11].  The  r e m a i n i n g  t e r m s  a r e  due to the i n h o m o g e n e i t y  of the m e d i u m .  The  n o r m a l  d i s p l a c e m e n t  u z, a s  in 
the c a s e  of a h o m o g e n e o u s  m e d i u m ,  has  a l o g a r i t h m i c  s i n g u l a r i t y ,  bu t  the d i s c o n t i n u i t y  s u r f a c e  i s  d e f o r m e d .  
The add i t i ona l  t e r m s  m a y  be  i n t e r p r e t e d  a s  d e f o r m a t i o n  waves  c a u s e d  by  the i n h o m o g e n e i t y  of  the  m e d i u m  and 
having  a p e r i o d  of 2~r~sl,  A s  a ~ 0, the  a m p l i t u d e s  of t h e s e  w a v e s  t end  to  z e r o  and  the p e r i o d  of  the  v i b r a t i o n s  
t e n d s  to in f in i ty .  
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REALIZATION OF NONAXISYMMETRICAL 

MOMENT-FREE STATE IN SHELLS OF 

REVOLUTION 

Yu. V. Nemirovskii and G. I, Starostin UDC 539.311 

A se r i e s  of formulat ions  of p rob l ems  involving rea l iza t ion  of a m o m e n t - f r e e  s t r e s s e d  s tate  in e las t ic  
re inforced  shel ls  with a r b i t r a r y  shape of the center  sur face  is given in [ 1]. This pape r  is concerned with 
solving three  of the p rob l ems  proposed in [ 1] for  the case  when the cen te r  sur face  of the shell  is a su r face  of 
revolution with nonzero Gaussian curva ture .  The p rob lem of the poss ibi l i ty  of rea l iz ing  a m o m e n t - f r e e  s tate  
in a r b i t r a r y  re inforced  shells  with zero  curva tu re  was examined in [2] and the pa r t i cu la r  case  of axial  s y m -  
m e t r y  was examined in [3]. 

1. We shall  examine a shell  of revolution with a quas iuni form layered  s t ruc tu re  over  the thickness.  We 
shall  choose a s y s t e m  of coordinates  fixed to the l ines of pr inciple  curva tu re  of the sur face  of the shell .  If the 
shell  functions in a m o m e n t - f r e e  s t r e s s  s tate,  then the following re la t ions  mus t  be sa t is f ied [1]: 

equations of equi l ibr ium 

(~(rT1)/o ~ - T~R r cOS (p ~- RIOTI~/O0 .-~. --rRlp,~ (1 .1)  

BiOT~la 0 -~ O(rT,~)IO~ + r1~/r cos ~p ----- - - r i%p~ 
T,R~ -~ T2Ri = R,/~2p3; 

e las t ic i ty  re la t ions  

" r t  ~ h(auel -t-a,a% =t- a,ac,~)~. ,1' 2 = h(anc, -t- a~z% + a~3r 
~I~ = T~I"I----- h(a,ss, + a~%:-5 a,ac,~,); 

(1.2) 

geomet r i c  equations 

i 0='.~ w - " i OV __ coscp . ' w 
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(1.3) 
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